Introduction {#Sec1}
============

For almost two centuries now, significant interest has been focused on the ability to predict fields arising inside and surrounding inhomogeneities embedded in otherwise uniform host materials. In particular, the isolated inhomogeneity problem where a single inhomogeneity resides inside a host medium that is considered to be of infinite extent, with conditions imposed in the far field, is a classical one. In 1826, Poisson studied the perturbed field due to an isolated ellipsoid in the context of the Newtonian potential problem \[[@CR1]\]. It was shown that the induced electric (or magnetic) field inside the ellipsoid is uniform given a uniform electric polarisation (or magnetisation). In 1873, Maxwell derived explicit expressions for this field \[[@CR2]\]. In 1931, Dive \[[@CR3]\] and independently in 1932 Nikliborc \[[@CR4]\] proved that given an arbitrary imposed uniform electric polarisation in the far field, the electric polarisation induced inside an ellipsoid is also uniform. In the modern language of inhomogeneity problems, this is considered to be proof of the weak Eshelby conjecture for the Newtonian potential problem. This language itself arises following the seminal paper of Eshelby in 1957, who considered the isolated inhomogeneity problem in the case of linear elastostatics and proved that the induced strain in an ellipsoid is uniform given the arbitrary uniform strains in the far field \[[@CR5]\]. In 1961, Eshelby conjectured that the ellipsoid is the only shape that has this property \[[@CR6]\]. This being true for a uniform *arbitrary* far-field strain is known as the *weak* Eshelby conjecture. On the other hand, this being true for a uniform *specific* far-field strain is known as the *strong* Eshelby conjecture. Given the similarity of the Newtonian potential and linear elastostatics problems, differing mainly by their tensorial order, they are often discussed simultaneously \[[@CR7]\], and hence the use of this term in both contexts. The strong conjecture in the context of the potential problem is true in two dimensions \[[@CR8], [@CR9]\], but it is *not* true in dimensions greater than two. This was illustrated in 2008 when Liu gave a non-ellipsoidal counterexample associated with a specific far-field loading \[[@CR10]\].

For ellipsoidal inhomogeneity problems, the so-called *Eshelby tensor* arises naturally, as does its counterpart the *Hill tensor*. These can be shown to be uniform for homogeneous ellipsoidal inhomogeneities. These tensors arise specifically in the context of micromechanics and effective medium theory, with the aim of predicting the effective properties of inhomogeneous media \[[@CR7], [@CR11]\]. Speaking in the context of thermal conductivity as we do in this article, components of the Eshelby tensor written with respect to Cartesian coordinates in the isotropic case take the form:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \tilde{S}_{ij}&= {-}k_0 \frac{\partial ^2}{\partial \tilde{y}_i \partial \tilde{y}_j} \int _{\tilde{D}} \tilde{\mathcal {G}}(\tilde{{\mathbf {x}}}-\tilde{\mathbf {y}}) \mathrm{d}\tilde{{\mathbf {x}}}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{D}$$\end{document}$ is the ellipsoidal inhomogeneity, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{\mathcal {G}}=1/(4\pi k_0|\tilde{{\mathbf {x}}}-\tilde{\mathbf {y}}|)$$\end{document}$ is the associated Green's tensor. Hill's tensor $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {P}=k_0^{-1}\tilde{\mathbf {S}}.$$\end{document}$ The associated two-dimensional problem is also frequently studied when $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{\mathcal {G}}={-}1/(2\pi k_0)\log |\tilde{{\mathbf {x}}}-\tilde{\mathbf {y}}|.$$\end{document}$ This tensor arises naturally *because* it is uniform for ellipsoidal inhomogeneities, and therefore, assuming uniform interior potential gradient $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {e}}^1$$\end{document}$, the associated integral equation gives (as will be shown below)$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathbf {e}}^1 = {\mathbf {e}}^{\infty } - (\kappa -1)\tilde{\mathbf {S}}{\mathbf {e}}^1, \quad \text {so that}\quad {\mathbf {e}}^1 = [\mathbf {I}+(\kappa -1)\tilde{\mathbf {S}}]^{-1}{\mathbf {e}}^{\infty }, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {e}}^{\infty }$$\end{document}$ is the uniform far-field potential gradient, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa =k_1/k_0$$\end{document}$ where $\documentclass[12pt]{minimal}
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                \begin{document}$$k_1$$\end{document}$ is the conductivity of the inhomogeneity.

For non-ellipsoidal inhomogeneities or in studies of, e.g. interacting inhomogeneities, in general, the temperature gradient will not be uniform, and therefore, the Eshelby tensor associated with non-ellipsoidal inhomogeneities is *not* generally a natural quantity to work with, since it will not arise naturally in the associated integral equation. In spite of this, the non-ellipsoidal problem has been studied frequently in the literature usually in connection with Eshelby's conjecture, to prove that a tensor is *not* uniform for specific classes of inhomogeneities. Attention has been paid to polygonal and polyhedral inhomogeneities and the associated properties of Eshelby's tensor \[[@CR12]--[@CR19]\]. The case of the so-called supersphere was considered in \[[@CR20]\], which built on the work in \[[@CR21]--[@CR23]\]. For the case of the Newtonian potential problem and planar elastostatics, some analytical expressions have been derived for two-dimensional problems where inhomogeneities are either polygonal or their shape can be described by finite Laurent expansions \[[@CR24], [@CR25]\]. Further properties of the Eshelby tensor were deduced in \[[@CR26], [@CR27]\], including the relationship of the averaged Eshelby tensor for non-ellipsoidal inhomogeneities to their ellipsoidal counterparts.

The non-ellipsoidal problem is also considered since the so-called uniform *eigenstrains* can be considered in *inclusion* regions within a homogeneous host material. A non-zero eigenstrain field can be used to simulate the presence of an inhomogeneity inside a homogeneous host medium or can additionally be considered to incorporate some other physical effect, boundary presence, interacting inhomogeneities, or mismatch \[[@CR28]\]. In order to simulate the presence of an isolated ellipsoidal inhomogeneity with uniform potential gradient imposed in the far field, the required eigenstrain is uniform \[[@CR28]\]. Ru \[[@CR29]\] developed a method based on conformal mappings to determine the strain field that arises in and around two-dimensional inhomogeneities of arbitrary cross section, due to uniform interior eigenstrain. Importantly, it should be noted that this is *not* equivalent to solving an inhomogeneity problem with uniform far-field loading because a uniform eigenstrain cannot account for the presence of an inhomogeneity of arbitrary cross section \[[@CR28]\].

For the study of interior fields associated with non-ellipsoidal (non-elliptical in two dimensions) inhomogeneities, a more natural quantity to study is what we shall term here the *generalised Eshelby tensor* taking the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \tilde{S}^*_{ij}(\tilde{{\mathbf {x}}})&= {-}k_0 \frac{\partial ^2}{\partial \tilde{x}_i \partial \tilde{x}_j} \int _{\tilde{D}}e^*(\tilde{\mathbf {y}}) \tilde{\mathcal {G}}(\tilde{{\mathbf {x}}}-\tilde{\mathbf {y}}) \mathrm{d}\tilde{\mathbf {y}}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$e_*(\tilde{\mathbf {y}})$$\end{document}$ is a *component* of the so-called *eigenstrain*. Note that the term *eigenstrain* is always used regardless of the application area. Rahman \[[@CR30]\] derived explicit expressions for the polynomial eigenstrain problem associated with ellipsoidal inclusions in the elastostatics context. For arbitrary $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{D}$$\end{document}$ in the context of the thermal problem, if one considers polynomial eigenstrains, then the generalised Eshelby tensors take the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \tilde{S}^{mnp}_{ij}(\tilde{{\mathbf {x}}})&= {-}k_0 \frac{\partial ^2}{\partial \tilde{x}_i \partial \tilde{x}_j} \int _{\tilde{D}}\left( \tilde{y}_1-\tilde{s}_1\right) ^m \left( \tilde{y}_2-\tilde{s}_2\right) ^n\left( \tilde{y}_3-\tilde{s}_3\right) ^p \tilde{\mathcal {G}}(\tilde{{\mathbf {x}}}-\tilde{\mathbf {y}}) \mathrm{d}\tilde{\mathbf {y}}, \end{aligned}$$\end{document}$$where for generality the polynomial is expanded about $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{\mathbf {s}}.$$\end{document}$ An interesting property for ellipsoids is that of *polynomial conservation* which states that Eshelby's tensor will be a polynomial of order *N* when the eigenstrain is of order *N* \[[@CR28], [@CR30]\].

Regardless of the fact that a *generalised* Eshelby tensor of the form ([1.3](#Equ3){ref-type=""}) or ([1.4](#Equ4){ref-type=""}) is of more physical significance for non-ellipsoidal problems, such tensors do not appear to have been studied in the literature for general inhomogeneities $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{D}.$$\end{document}$ Mura (\[[@CR28], Sect. 12\]) states certain results associated with the polynomial conservation property which arise from results in the ellipsoidal potential theory context due to Ferrers \[[@CR31]\] and Dyson \[[@CR32]\]. For a more complete treatment of the inhomogeneous ellipsoid problem, see the more recent paper by Rahman \[[@CR33]\]. Mura also uses these results in order to approximate the effect of non-uniformity of interior strain fields when two ellipsoidal inhomogeneities interact. However, even for isolated non-ellipsoidal cases, no results appear to have been derived except in the case when $\documentclass[12pt]{minimal}
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                \begin{document}$$N=0,$$\end{document}$ the classical Eshelby tensor scenario. The case when $\documentclass[12pt]{minimal}
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                \begin{document}$$N\ge 1$$\end{document}$ for non-ellipsoidal inhomogeneities is therefore the focus of the present article, and our attention is restricted to the two-dimensional case, i.e. when the generalised Eshelby tensor takes the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \tilde{S}^{mn}_{ij}(\tilde{{\mathbf {x}}})&= {-}k_0 \frac{\partial ^2}{\partial \tilde{x}_i \partial \tilde{x}_j} \int _{\tilde{D}}\left( \tilde{y}_1-\tilde{s}_1\right) ^m \left( \tilde{y}_2-\tilde{s}_2\right) ^n \tilde{\mathcal {G}}(\tilde{{\mathbf {x}}}-\tilde{\mathbf {y}}) \mathrm{d}\tilde{\mathbf {y}}, \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{\mathcal {G}}={-}1/(2\pi k_0)\log |\tilde{{\mathbf {x}}}-\tilde{\mathbf {y}}|$$\end{document}$ and where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{D}$$\end{document}$ is *not* restricted to being elliptical.

Besides being of interest in their own right, the evaluation of such tensors would assist in developing approximate schemes for interacting inhomogeneity problems and in cases when eigenstrains are non-uniform. They may also be seen as approximations to cases when eigenstrains are non-polynomial, but Taylor series expansions are taken of the eigenstrains, expanded about locations inside $\documentclass[12pt]{minimal}
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In this article, the focus is *not* in predicting internal fields within inhomogeneities, although this *is* clearly of interest and will be the focus of future work. Here polynomial approximations shall be determined for the generalised Eshelby tensors in the case of non-ellipsoidal inhomogeneities. In Sect.  [2](#Sec2){ref-type="sec"}, we introduce the necessary mathematical background discussing both the inhomogeneity and inclusion problems and illustrating where Eshelby's tensor arises in these contexts. Polynomial and more complex eigenstrain fields are then introduced in order to define the concept of a generalised Eshelby tensor. The method of approximating this tensor by via polynomial expansions is then described in Sect. [3](#Sec7){ref-type="sec"}. Application of the method to elliptical and non-elliptical domains is then described in Sect.  [4](#Sec10){ref-type="sec"}. We summarise and discuss future directions in Sect.  [5](#Sec17){ref-type="sec"}.

Background {#Sec2}
==========

The motivation for the consideration of generalised Eshelby tensors is twofold. Firstly in the context of the prediction of induced fields associated with the presence of an isolated *inhomogeneity* (with different properties to those of the surrounding medium) embedded in an otherwise homogeneous medium, with some imposed condition at infinity. Secondly for the prediction of induced fields due to an isolated *inclusion* region (with the same properties as those of the homogeneous host medium) but within which a so-called *eigenstrain* is imposed.

Note the language used here, as introduced by Mura \[[@CR28]\] which distinguishes an inclusion (same properties as those of the surrounding medium) from an inhomogeneity (different properties from those of the surrounding medium).

Inhomogeneity problem {#Sec3}
---------------------

Consider an unbounded host medium of infinite extent into which a *cylindrical* inhomogeneity is embedded, which itself can be considered to be of infinite extent along its axis and place the $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{x}_1\tilde{x}_2$$\end{document}$ plane coincident with the cross section of the cylinder. With translational invariance in the $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{x}_3$$\end{document}$ direction then, the problem is purely two-dimensional, as depicted in Fig. [1](#Fig1){ref-type="fig"} where the cross section of the inhomogeneity is defined as $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{D}\in {\mathbb {R}}^2.$$\end{document}$ Since it is often useful to consider a specific physical problem, certainly in terms of language and terminology, the potential problem here is described in the context of steady-state thermal conductivity.

The equation governing the steady-state temperature distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$T(\tilde{{\mathbf {x}}})$$\end{document}$ where $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{{\mathbf {x}}}=(\tilde{x}_1,\,\tilde{x}_2)$$\end{document}$ is the Cartesian position vector in the medium described above and depicted in Fig. [1](#Fig1){ref-type="fig"} is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\partial {}}{\partial {\tilde{x}_i}}\left( C_{ij}(\tilde{{\mathbf {x}}})\frac{\partial {T}}{\partial {\tilde{x}_j}}\right) = 0, \quad i,\,j=1,\,2, \end{aligned}$$\end{document}$$where the assumption is that no heat sources are present. The free-space Green's function associated with the *host* phase satisfies$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\partial {}}{\partial {\tilde{x}_i}}\left( C_{ij}^0\frac{\partial {\tilde{\mathcal {G}}}}{\partial {\tilde{x}_j}}(\tilde{{\mathbf {x}}}-\tilde{\mathbf {y}})\right) + \delta (\tilde{{\mathbf {x}}}-\tilde{\mathbf {y}})&= 0. \end{aligned}$$\end{document}$$Assuming continuity of temperature and normal flux across $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial \tilde{D},$$\end{document}$ the resulting temperature distribution may be straightforwardly derived in integral equation form as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$T^{\infty }(\tilde{{\mathbf {x}}})$$\end{document}$ is the solution to the equivalent problem satisfying ([2.1](#Equ6){ref-type=""}) with no inhomogeneity present (or equivalently with $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{ij}^1 = C_{ij}^0$$\end{document}$). Upon taking derivatives of ([2.3](#Equ8){ref-type=""}) with respect to $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial \tilde{\mathcal {G}}/\partial \tilde{y}_i= {-}\partial \tilde{\mathcal {G}}/\partial \tilde{x}_i$$\end{document}$ it is found that for all $\documentclass[12pt]{minimal}
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If attention is restricted to anisotropy where the principal axes of the host and inhomogeneity are aligned, all anisotropic potential problem inhomogeneity problems can be reduced to isotropic ones by rescaling the spatial variable $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{{\mathbf {x}}}$$\end{document}$ which modifies the inhomogeneity shape. The problem is then solved in the scaled domain and mapped back to physical space \[[@CR7]\]. Interest here is for general shaped inhomogeneities, and therefore we consider the isotropic problem only. Therefore take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^0_{ij}=k_0\delta _{ij},\, C^1_{ij}=k_1\delta _{ij}$$\end{document}$ and ([2.4](#Equ9){ref-type=""}) becomes$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} e_i(\tilde{{\mathbf {x}}})&= e_i^{\infty }(\tilde{{\mathbf {x}}}) + (\kappa -1)\frac{\partial ^{2}{}}{\partial {\tilde{x}_i}\partial {\tilde{x}_j}}\int _{\tilde{D}}e_j(\tilde{\mathbf {y}})\tilde{G}(\tilde{{\mathbf {x}}}-\tilde{\mathbf {y}}) \mathrm{d}\tilde{\mathbf {y}}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa =k_1/k_0$$\end{document}$ and we have introduced the associated two-dimensional isotropic Greens function $\documentclass[12pt]{minimal}
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                \begin{document}$$\nabla ^2 \tilde{G} + \delta (\tilde{{\mathbf {x}}}-\tilde{\mathbf {y}}) = 0,$$\end{document}$ i.e.$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \tilde{G}(\tilde{{\mathbf {x}}}-\tilde{\mathbf {y}})&= -\dfrac{1}{2\pi }\log |\tilde{{\mathbf {x}}}-\tilde{\mathbf {y}}|. \end{aligned}$$\end{document}$$It is important to note that different references place the Dirac delta function on either side of the governing equation for the Green's function. Of course, this merely changes the sign of the Green's function, but it is important in terms of lifting information directly from one reference to another. We follow the convention in \[[@CR7], [@CR28]\].

Equation ([2.5](#Equ10){ref-type=""}) is an integral equation for the potential gradient $\documentclass[12pt]{minimal}
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Inclusion problem {#Sec4}
-----------------

Consider now a different configuration to the previous section. An unbounded host medium of infinite extent contains within it an *inclusion*---a *cylindrical* region which is considered to be of infinite extent along its axis and place the $\documentclass[12pt]{minimal}
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One can employ eigenstrain to 'represent' the effects of an inhomogeneity \[[@CR28]\]. First add some far-field forcing to the problem so that ([2.15](#Equ20){ref-type=""}) becomes$$\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{{\mathcal {A}}}=[\mathbf {I}+(\kappa -1)\tilde{\mathbf {S}}]^{-1}$$\end{document}$ is known as the *concentration tensor* \[[@CR7]\]. For imposed fields that are of polynomial form a polynomial eigenstrain of the same order can be employed to represent an inhomogeneity \[[@CR28]\]. For more complex shaped domains, however, a general eigenstrain would be required.

Generalised Eshelby tensors {#Sec5}
---------------------------

Let us call ([2.11](#Equ16){ref-type=""}) the generalised Eshelby tensor of order $\documentclass[12pt]{minimal}
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As we shall discuss in the Sect. [3](#Sec7){ref-type="sec"}, we will seek polynomial expansions as approximations to $\documentclass[12pt]{minimal}
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More complex eigenstrains {#Sec6}
-------------------------

Note that in principal more complex eigenstrain fields can be considered in ([2.15](#Equ20){ref-type=""}); particularly in the context of the local expansion approach ([2.24](#Equ29){ref-type=""}). One would Taylor expand the eigenstrain about $\documentclass[12pt]{minimal}
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Evaluation of the generalised Eshelby tensor for polynomial eigenstrains {#Sec7}
========================================================================
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Non-dimensionalisation {#Sec8}
----------------------

Since we are in two dimensions, we introduce the planar polar coordinate systems$$\documentclass[12pt]{minimal}
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Polynomial approximations {#Sec9}
-------------------------

For general *f* (i.e. for a general shaped inhomogeneity *D*), it is clearly not possible to obtain an analytical form for the expression ([3.6](#Equ40){ref-type=""}); generally, it must be evaluated numerically for any point $\documentclass[12pt]{minimal}
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For this local expansion to be useful in ([2.24](#Equ29){ref-type=""}), we need to re-introduce the dimensional variables, so that ([3.7](#Equ41){ref-type=""}) becomes$$\documentclass[12pt]{minimal}
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Method implementation {#Sec10}
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Elliptical inclusions: polynomial conservation {#Sec11}
----------------------------------------------
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Squares, pentagons and hexagons {#Sec12}
-------------------------------

Now consider domains of more complex form than elliptical and for now take $\documentclass[12pt]{minimal}
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Figures [5](#Fig5){ref-type="fig"}, [6](#Fig6){ref-type="fig"} and [7](#Fig7){ref-type="fig"} illustrate how the polynomial approximation $\documentclass[12pt]{minimal}
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These plots illustrate that as the order of polynomial approximation *P* increases, the blue regions (representing very small error) become more prominent and the yellow regions (representing moderate errors) become less so. In the case of the pentagon, both the polynomial approximation and the numerical evaluation are exactly zero when $\documentclass[12pt]{minimal}
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------------------------------------------------------------------------------------------------------

So far no "re-expansion" has been required in the sense that the natural "origin" of the domains considered was the origin itself. Let us now consider the case of the so-called *limacon*, whose boundary is governed by the polar function$$\documentclass[12pt]{minimal}
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The 'hourglass' and hypogenis shapes {#Sec14}
------------------------------------

Let us now consider some more complex shapes of non-polygonal form. By choosing $\documentclass[12pt]{minimal}
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Other eigenstrains {#Sec16}
------------------

Finally, in order to illustrate the principle outlined in Sect. [2.4](#Sec6){ref-type="sec"}, ([2.26](#Equ31){ref-type=""}) shall be examined for the case of a non-polynomial eigenstrain, e.g. when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(\mathbf {y})=\sin {y_{1}}$$\end{document}$ and in the case of a circular domain *D*. In this case, the eigenstrain may be expanded about $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {y}=\mathbf {0}$$\end{document}$ to generate a sum of polynomial eigenstrain terms. The error in approximating the integral ([2.26](#Equ31){ref-type=""}) by the truncated series ([2.29](#Equ34){ref-type=""}) is defined as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal {I}}^\mathrm{e}_{M,N}=\left| \frac{{\mathcal {I}}-{\mathcal {I}}_{M,N}}{{\mathcal {I}}}\right| . \end{aligned}$$\end{document}$$Figure [13](#Fig13){ref-type="fig"} shows the error ([4.4](#Equ73){ref-type=""}) when the Taylor expansion of the eigenstrain is truncated to the eleventh order ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M=11,\, N=0$$\end{document}$).

Concluding remarks {#Sec17}
==================

A new scheme to determine polynomial approximations to integrals over non-elliptical two-dimensional domains has been developed. We call these integrals *generalised Eshelby tensors* for the Newtonian potential problem since they correspond to taking non-uniform eigenstrains over the domain, and when the eigenstrain is uniform, this corresponds to the classical Eshelby tensor. Excellent performance of the method is illustrated by comparison with the numerical evaluation of the integral, noting that this has to be evaluated for every point in the domain of interest, whereas once determined, the polynomial approximation can be rapidly evaluated at any point. Extensions to the two-dimensional in-plane elasticity case are underway and also to the full three-dimensional scalar and tensor scenarios. Further investigation is also underway that will explain theoretically the domains of convergence of the polynomial expansions.

This work is associated with methodology. Therefore, all research data supporting this article are directly available within this publication.
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